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Abstract
The canonical structure of supergravity with a cosmological constant is analyzed in 2 + 1
dimensions using the Dirac constraint formalism. Using the approach of Henneaux, Teitelboim
and Zanelli, the first class constraints are used to find the local gauge symmetries of this model.
Provided the cosmological constant is negative, this novel gauge algebra closes, without having
to invoke the equations of motion or introducing auxiliary fields. There are two Bosonic and
one Fermionic gauge symmetries.
We will consider a model defined by the action1
S =
∫
d3xǫµνλ
[
biµRνλi + ψµDνψλ +
Λ
3
ǫijkb
i
µb
j
νb
k
λ
+
iK
2
ψµb
i
νγiψλ
]
. (1)
The action of eq. (1) is a first order action with biµ and ω
i
µ being independent fields. The terms
proportional to Λ and K are introduced independently. Consequently this action distinct from the
2 + 1 dimensional supergravity actions considered in refs. [1,2]. In eq. (1), Λ is the cosmological
constant; the closure of the gauge algebra will fix Λ to be negative with the novel relation
Λ = −K2. (2)
1We use the notation of ref. [4] as reiterated in the appendix.
1
Interesting black hole solutions occur in 2 + 1 dimensional space-times in which there is a negative
cosmological constant [3].
The momenta conjugate to bi0 ≡ b
i, ωi0 ≡ ω
i and ψ0 ≡ ψ all vanish, giving respectively the
primary constraints
pi = IPi = π = 0. (3a,b,c)
Additional primary constraints are the momenta conjugate to bαi, ωαi and ψα
pαi = 0 (4a)
IPαi − 2ǫαβb
β
i = 0 (4b)
πα + ǫαβψ
β
= 0. (4c)
Defining the canonical Hamiltonian to be
Hc = q˙ipi + ψ˙iπi − L (5)
with the primary constraints arising from pi =
∂L
∂q˙i
, πi =
∂L
∂ψ˙i
being used, we find that
Hc = −b
i
[
ǫαβ
(
Rαβi + Λǫijkb
j
αb
k
β −
iK
2
ψαγiψβ
)]
− 2ψ
[
ǫαβ
(
Dαψβ +
iK
2
biαγiψβ
)]
− 2ωi
[
ǫαβ
(
∂αbiβ − ǫijkω
j
αb
k
β −
i
4
ψαγiψβ
)]
≡ −biΦ1i − 2ψΨ− 2ω
iΦ2i. (6)
The constraints of eq. (4) are second class; they result in the Dirac brackets [4]
{
biα, ω
j
β
}∗
=
1
2
ηijǫαβ (7a)
and
{
ψα, ψβ
}∗
=
1
2
ǫαβ . (7b)
With the Dirac brackets of eq. (7) we find that the primary constraints of eq. (3) are first class
and that they result in the secondary first class constraints Φ1i, Φ2i, Ψ whose algebra is
{Φ1i,Φ1j}
∗ = −2K2ǫijkΦ
k
2 (8a)
{Φ2i,Φ2j}
∗ = −
1
2
ǫijkΦ
k
2 (8b)
{Φ1i,Φ2j}
∗ = −
1
2
ǫijkΦ
k
1 (8c){
Ψ,Ψ
}∗
=
(
−
i
8
Φ1i −
iK
4
Φ2i
)
γi (8d)
{Ψ,Φ1i}
∗ =
iK
2
γiΨ (8e)
{Ψ,Φ2i}
∗ =
i
4
γiΨ (8f)
provided eq. (2) is satisfied. It can be verified that the Jacobi identities are consistent with this
algebra. If K = 0, we recover the constraint algebra of ref. [4].
In eq. (1), there are 18 Bosonic fields (biµ, ω
i
µ) so in phase space there are 36 Bosonic fields
(including the canonical momenta pµi , IP
µ
i ). There are also six primary first class constraints (eqs.
(3a,b)), twelve primary second class constraints (eqs. (4a,b)), six secondary first class constraints
(Φ1i,Φ2i). Each of the twelve first class constraints requires an associated gauge condition. Since
each constraint and gauge condition eliminates a degree of freedom in phase space, we see that there
are no Bosonic physical degrees of freedom left in eq. (1). Similarly, the six independent Fermionic
fields in the Majorana spinor ψµ are all non physical as there are two primary first class constraints
(eq. (3c)), four primary second class constraints (eq. (4c)), two secondary first class constraints
(Ψ), as well as a gauge condition associated with each first class constraint.
Suppose that, upon using Dirac brackets to eliminate the second class constraints in a model,
the remaining dynamical variables consist of two sets of canonically conjugate pairs (Qi, IPi) and
(qi, pi) so that the canonical Hamiltonian is of the form
Hc = −QiΦi(qj , pj). (9)
We also assume that
IPi = 0 (10)
is a set of primary first class constraints and Φi(qj, pj) is a set of secondary first class constraints
satisfying
{Φi,Φj}
∗ = cijkΦk. (11)
In ref. [5], Henneaux, Teitelboim and Zanelli (HTZ) outline how first class constraints can be
used to find the gauge transformations that leave an action invariant.2 (An alternate approach is
2There may be additional gauge transformations that do not follow from the first class constraints; such is the
case with the Palatini form of the Einstein-Hilbert action in 1 + 1 dimensions [7].
due to Castellani [6].) In this approach, a gauge generator G is a linear combination of the first
class constraints so that in this case
G = λiIPi + ΛiΦi ≡ µiγi (γi − the set of all first class constraints). (12)
G induces the change
δF = {F,G}∗ (13)
in any quantity F . In ref. [5] it is noted that the extended action
SE =
∫
dt [q˙ipi −Hc(qj, pj ;Qj)− uiIPi − UiΦi(qj , pj)] (14)
is left unaltered under changes induced by G of the form of eq. (13) provided
Dµi
Dt
+ {G,Hc + viγi}
∗ − δviγi = 0. (15)
( D
Dt
contains the explicit time derivative ∂
∂t
as well as implicit time derivative through dependence
on the coefficients vi = (ui, Ui) occurring in eq. (14).) Upon choosing a “gauge”
Ui = δUi = 0 (16)
in eq. (14), SE reduces to ST , the total action, whose dynamical content is that of the initial
classical action
Sc =
∫
dtL. (17)
In this case, we can solve eq. (15) for λi in terms of Λi in eq. (12); we find that
G = (−Λ˙i + cijkΛjQk)IPi + ΛiΦi(qj , pj). (18)
If ΛAi is the gauge function associated with generator GA, then we find , using eq. (11), that
{GA, GB}
∗ = GC (19)
where
ΛCi = cijkΛ
A
j Λ
B
k . (20)
The canonical Hamiltonian of eq. (6) which follows from eq. (1) is of the form of eq. (9). We
thus see that the gauge algebra for the model of eq. (1) closes without the need to invoke the
equations of motion or to introduce auxiliary fields, as was done in ref. [1], provided we use gauge
transformations generated by G of the form of eq. (18).
The explicit form of G that follows from eqs. (6, 9, 18) is
G = AiΦ1i +B
iΦ2i +ΨC
−
(
A˙i + ǫijkA
jωk +
1
2
ǫijkB
jbk +
i
4
Cγiψ
)
pi
−
1
2
(
B˙i − 2K
2ǫijkA
jbk + ǫijkB
jωk +
iK
2
Cγiψ
)
IP i
−
1
2
π
(
C˙ +
iK
2
bjγjC +
i
2
ωjγjC − iKγ
iAjψ −
i
2
γjBjψ
)
. (21)
Eqs. (13, 21) lead to the gauge transformations
δbiµ = −
[
∂µAi − ǫijk
(
ωjµA
k −
1
2
bjµB
k
)
+
i
4
Cγiψµ
]
(22a)
δωiµ = −
1
2
[
∂µBi − ǫijk
(
2K2Ajbkµ − B
jωkµ
)
+
iK
2
Cγiψµ
]
(22b)
δψµ = −
1
2
[
∂µC +
i
2
γj
(
Kbjµ + ω
j
µ
)
C − iγj
(
KAj +
1
2
Bj
)
ψµ
]
. (22c)
It would be of interest to see how the local supersymmetry transformations of eq. (22) are related
to the observation that supergravity is the “square root” of general relativity [8]. It is immediately
apparent though that the transformation of eq. (22) is distinct from the supersymmetry transforma-
tions of refs. [1,2,8,12,13]. This is not surprising as the transformations of eq. (22) are a consequence
of the algebra of first class constraints given in eq. (8); the usual supersymmetry transformations
are a result of an algebra that is an extension of the Poincare´ algebra. The transformations of
eq. (22) are further distinguished as their algebra closes without the need for introducing auxiliary
fields or invoking the equations of motion.
We note that in ref. [9] the BRST transformations associated with the K = 0 limit of eq. (22)
are derived and that a demonstration is provided of how quantum effects can be computed using
a regularization scheme that respects these local gauge symmetries. Currently we are examining
these issues for K 6= 0.
We also plan to apply the HTZ approach used above to find the gauge transformations in the
Plebenski formulation of supergravity [10,11]. Finding such gauge transformations may be of im-
portance in N = 8 supergravity because there appear to be some as yet undiscovered symmetry that
would explain unexpected cancellation of divergences appearing at higher order in the perturbative
loop expansion.
Appendix
The metric (+,−,−) is used with imaginary Dirac matrices (γ0, γ1, γ2) = (σ2, iσ3, iσ1) so that
γiγj = ηij + iǫijkγk. (A.1)
and
γ0γiγ0 = −γiT = γi†. (A.2)
(Latin indices i, j . . . are target space; Greek indices µ, ν . . . are space-time; early Greek α, β . . . are
spatial.) We use two component spinors ψ satisfying that Majorana conditions
ψ = −γ0ψ
T
= ψ∗ (ψ ≡ ψ†γ0) (A.3)
and so
ψχ = χψ, ψγiχ = −χγiψ. (A.4)
The Fierz identity is also useful
(γi)ab(γi)cd = −
1
2
(γi)ad(γi)cb +
3
2
δadδcb. (A.5)
We use the left derivatives for Grassmann variable θA so that
d
dt
(θAθB) = θ˙AθB − θ˙BθA. (A.6)
If
(
qi, pi =
∂L
∂q˙i
)
and
(
ψi, πi =
∂L
∂ψ˙i
)
are Bosonic and Fermionic canonical variables respectively, then
we define the Poisson brackets of M and N to be
{M,N} = (M,qN,p − (−1)
ǫM ǫNN,qM,p) + (−1)
ǫM ǫN (M,ψN,π
+(−1)(ǫM+1)(ǫN+1)N,ψM,π
)
(A.7)
= −(−1)ǫM ǫN {N,M}
where ǫX = 0 if X is Bosonic and ǫX = 1 if X is Fermionic.
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